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Abstract 

The super-AdSsxS 5 and the four-dimensional AA=4 superconformal algebras 
play important roles in superstring theories. It is often discussed the roles of the 
osp(l[32) algebra as a maximal extension of the superalgebras in flat background. 
In this paper we show that the su(2,2|4), the super-AdSs x S 5 algebra or the su- 
perconformal algebra, is not a restriction of the osp(l|32) though the bosonic part 
of the former is a subgroup of the latter. There exist only two types of u(l) exten- 
sion of the super- AdS5 x S 5 algebra if the bosonic AdSsxS 5 covariance is imposed. 
Possible significance of the results is also discussed briefly. 
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1 Introduction 



All possible extensions of the super-Poincare algebra correspond to branes that can 
exist on the flat background [1]. The maximal extension of the super-Poincare algebra 
in 10 dimensions contains 32 supercharges and 528 bosonic generators (in addition to 
Lorentz generators). It is the osp(l|32) algebra and the symmetries of IIA, IIB, M and F 
theories have been examined systematically [2]. 1 

A D-brane action consists of a Dirac-Born-Infeld (DBI) action and a Wess-Zumino 
(WZ) action. The WZ action is needed for the total action to possess K-symmetry, which 
allows to project out half of the world- volume fermions and matches bosonic and fermionic 
degrees of freedom on the world- volume [4]. It was shown [5] that commutation relations 
among two of the Noether charges do not close but include topological brane charges, 
because the WZ action is quasi-superinvariant. In other words, the super-Poincare al- 
gebra is modified to include topological brane charges and becomes the extended super- 
Poincare algebra with brane charges 2 . The half of the 32 supercharges are those for 
Nambu-Goldstone (NG) fermions associated with supersymmetries broken by the brane. 
In fact, for a given brane configuration with the brane tension being equal to the brane 
charge, anti-commutation relation of two of supercharges turns out to be proportional to 
a projection operator which projects out half of the supersymmetries on the vacuum. 

These brane backgrounds are constructed as solutions of supergravity theories. Con- 
structing Killing vectors and spinors in a brane background, one can show that the super- 
isometry algebra contains a smaller number of supercharges than 32. In order to recover 
(super) symmetries broken by the brane, one examines small fluctuations around this so- 
lution. The broken symmetries are recovered in terms of NG fields and the resulting 
superalgebra contains 32 supercharges and brane charges. 

For a curved background, D-brane actions are shown [6] to be ^-symmetric if the 
background satisfies the field equations of the target space supergravity. Since the AdSs x 
S 5 background is a solution of type-IIB supergravity, one can construct /t-symmetric D- 
brane action on it. Such D-brane actions have been examined in [7, 8, 9]. The amount 
of unbroken supersymmetries are determined by the balance between the K-symmetry 
projection and Killing spinor equations. 

One expects that the WZ action for such a brane produces brane charges in the su- 
peralgebra su(2,2|4), which is the super-isometry algebra of the AdSs x S 5 background, 
and the maximal extension is osp(l|32), referring the classification by Nahm [10]. The 
anti-commutator between two of supercharges are examined in [11] for a matrix theory 
on the eleven-dimensional pp-wave and in [12] for a superstring action on the AdSs x S 5 
background, and are shown to include brane charges. However, the full supersymmetry 

1 Superalgebras with a larger number of supercharges than 32 have been discussed in [3]. 

2 The brane charge is not a center of the extended super-Poincare algebra, because they have non- 
trivial commutation relations with Lorentz generators. These brane charges are ideal of the extended 
super-Poincare algebra, and the original algebra is represented as a coset, (the extended super-Poincare 
algebra) /ideal. 
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algebra has not been derived yet because of the complexity. To derive the full super- 
symmetry algebra, one may try to examine small fluctuations around a D-brane solution 
of a supergravity theory. But supergravity solutions for Dp-branes in the AdSs x S 5 
background have not been known well yet. 

In order to achieve this, we take another route in this paper. We examine the osp(l|32) 
and relations to the super- AdS 5 x S* 5 algebra, su(2,2|4). The bosonic AdS 5 x S* 5 alge- 
bra, so(4,2)xso(6), is a subalgebra of sp(32). However, su(2,2|4) is not a subalgebra of 
osp(l|32) because commutation relations, for example {Q,Q}, differ each other. Alge- 
braically, the osp(l|32) is not an extension of su(2,2|4) because sp(32) is not an extension 
of so(4,2)xso(6). 

In this paper we find that the su(2,2|4) is not a restriction of the osp(l|32) in the 
following sense. Expressing the osp(l|32) algebra in an AdSs x S 5 covariant basis and 
restricting the bosonic generators of sp(32) to those of so(4,2) xso(6), the resulting com- 
mutation relations have forms of super- AdS 5 x S 5 algebra apart from some sign differences. 
We find that they are neither those for the su(2,2|4) nor a consistent superalgebra. This 
is essentially because the Fierz identity for the one hand does not imply that for the other 
hand. The same argument is true for the four-dimensional Af = 4 superconformal algebra. 

In the reverse, we examine possible generalizations of the super-AdSs x S 5 algebra. 
When we consider some (brane) solutions in the super-AdSsxS 5 background they break 
also manifest AdS$ and/or S* 5 covariance. However it is a spontaneous symmetry breaking 
in the presence of a particular solution. The AdSsxS 5 covariance of the theory would be 
still maintained. Thus, we impose the assumption that the bosonic AdS 5 x S' J algebra is 
a subalgebra of the bosonic part of the superalgebra with brane charges, and find that 
only two trivial types of u(l) extension of the super-AdS 5 x S* 5 algebra are allowed. 

This paper is organized as follows. In the next section, we express the osp(l|32) algebra 
in an AdS5 x S" 5 covariant basis. In section 3, we show that the super-AdSs x S 5 algebra is 
not a restriction of the osp(l|32) algebra. In section 4, we find that only two types of u(l) 
extension of the super- AdS 5 x S 5 algebra are allowed, under the assumption that bosonic 
AdS 5 x S 5 algebra is a subalgebra of the bosonic part of the superalgebra with brane 
charges. The section 5 is devoted to a summary and discussions on possible significance. 
The uniqueness of the osp(l|32) algebra is presented in appendix A. In appendix B, 
complementary to the section 3, we show that the four-dimensional A/"=4 superconformal 
algebra is not a restriction of osp(l|32), by clarifying the relation between generators 
of the super- AdS 5 x S 5 algebra and those of the four- dimensional J\f=A superconformal 
algebra. 

2 osp(l|32) 

The osp(l|32) is a maximally extended supersymmetry algebra whose generators are 
32 supercharges Qa (A= 1,2,..., 32) and 528 bosonic Zj&. The algebra is [2] 

{Qa,Qb} = Z AB , (2.1) 
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[Qa,Z B c] = Q(B^AC), (2.2) 
[Zab,Zcv] = &A(cZv)B + &B{cZv)A (2-3) 

where Zab is 32 x 32 symmetric matrix and is an anti-symmetric invertible symplectic 
metric. The Jacobi identities hold identically for any anti-symmetric Q. It is shown in 
appendix A that any maximally extended supersymmetric algebra is expressed in the 
form of (2.1)-(2.3) by redefinitions. 

The supercharge Q^'s are 32 complex generators and are subject to a Majorana con- 
dition reducing the number of independent degrees of freedom to half, 

Q} A = Q C B CA = B tAC Q c (2.4) 

for some non-singular matrix B satisfying 

& AB = (B t QB) AB , and B AB B* BC = 8 A C . (2.5) 

The osp(l|32) algebra (2.1)-(2.3) remains unchanged under the conjugation if Z's satisfy 

Z^ AB = {B l ZB) AB . (2.6) 

in addition to (2.4) and (2.5). 

In this paper we are interested in relations among the osp(l|32) , super-AdS 5 xS 5 and 
superconformal algebras we represent the 32 component supercharge as a SO (4, 1) x 
SO(5) x SO(2, 1) spinor, [13] 

Qa = Qaa'A, (« = 1,2,3,4, a' = 1,2,3,4, A = 1,2), (2.7) 

where A is a collective index of (aa'A). The gamma matrices and charge conjugation for 
SO(4,l) satisfy, (a = 0, 1, 2, 3, 4), 

{ 7 a , 7 b } = 2 V ab = 2 diag{- + + + +), 7VV = 7° 

c = -c, c^c = 1, cy^r 1 = ( 7 a )*, 

{C-ff = - (C 7 a ) (C~f ab Y = (C~f ab ), (2.8) 
those for SO(5) are, (a' = 1', 2', 3', 4', 5'), 

{ 7 a ',7 6 '} = 2 V a ' b ' = 2d ia g(+ + + + +), 7 a ' f = 7 a ' 

& = -c, c A c = 1, cy'c"" 1 = ( 7 a ')', 

(C" 7 a ')* = - (C'7 ') {C' 1 a ' b ') t = {C'r' b ')- (2.9) 



For SO(2,l) they are, (j = 6, 1, 2), 



{p\p>} = 2rF = 2dtag(-,++), pW = fP , 

c = -c\ c f c = 1, cpV 1 = -(pif 

(cp>y = {cp?). (2.10) 
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The real forms of c and p's we use here are 

c = ir 2 , (P = (ir 2 ,T 1 ,-T 3 ), cp> = (-l,r 3 ,ri). 



(2.11) 



Using these notations the symplectic metric f2 is taken to be proportional to a charge 
conjugation C, 

D, = sC, s* = s, (2.12) 
where C is a total charge conjugation defined as 

C = cCC, C* = -C, C ] C = I. (2.13) 
The Majorana condition (2.4) is imposed as 

Qt = Q B , B = - e ix (p°7°) C~\ (2.14) 

e %x is a phase ambiguity and taken to be 1 in the following. The explicit form of (2.14) 
in component form is one of [13] 

Q^ a ' A = Q^BS BA ^C- l f a (C^f a '- (2-15) 
The condition (2.5) is verified as 

(B^B) = (A ^ 1 )' (sC) (p°7°C- 1 ) = sC' 1 = tf. (2.16) 



Using products of these gamma matrices we can construct a complete basis of sym- 
metric matrices {{CT^) AB }, (J = 1,2, ...,528 = ^), 

CT (i) = (cr&Y, i.e. = -CY^C-\ (2.17) 



They are 



P 3 




p , 


(3,1,1) 


i p> 7 a 




pa j 


(3,5,1) 






pa' j 


(3,1,5) 


ry ab 






(1,10,1) 






pa'6' ' 

1 1 


(1,10,1) 


^ab c' 




■pabc' 


(1,10,5) 


i 7 7 




■paa'fe' 
1 > 


(1,5,10) 


i fP 7 a 7 a 

pj ^ab a'b' 




paa' ^ 


(3,5,5) 




pafta'fe' 


(3,10,10) 



(2.18) 



where (a, b, c) indicates the decomposition under 50(2, 1) x 50(4, 1) x 50(5) represen- 
tations. Factor "i" is introduced in (2.18) for the conjugation (2.15) so that they satisfy 

A°r (f) V7° = -r (/) . (2.19) 
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r,js is defined as inverse of , 3 , e.g. 

(Cr (a 6)) = ^ (r^r 1 ) = (TfeaC- 1 ), (2.20) 

(cr<*»>) = (iCftr) - (ro-a)C- 1 ) = (-ip^c 1 ). (2.21) 

They satisfy orthonormal and completeness relations 

1 (r^c- 1 )^ (cr^) AB = 5/. (2.22) 

1 (cr^Ue (r {i) c-r v = Is^SsV (2.23) 

or equivalently 

±(CT^) AB (CT {}) ) CV = \c c{A C B)v . (2.24) 
We expand the bosonic generators Z AB using CT^ as 

528 1 

z AB = «E (cr<'Vz (/) , z (/) = — (r^c- 1 ) 6 - 4 z^, (2.25) 

7=1 

where a is a constant. From (2.6) Z^s are anti-hermitic for real choice of a, 

Z\ t) = - Z {i) , a* = a. (2.26) 

In terms of Z^ the osp(l|32) algebra (2.1)-(2.3) is expressed as 

{Qa, Qb} = a (Cr^) AB Z {i) , (2.27) 
[Qa,Z (!) ] = \{QV {i) U (2-28) 
[%);%)] = fij k Z { ky (2-29) 

where fjj K is the structure constants of sp(32), 

fi/ = - ^Mr (/) r (J) r<*>) (2.30) 

s = —8a is a normalization convention. In this form the osp(l|32) algebra the Jacobi 
identities are guaranteed by (2.24) 

E (CT^) AB (CT (i) ) cv = 0, (2.31) 

cyclic BCD 

and the Jacobi identity of ffj K as 

E fi/flK™ = 0, /// = -f n k , (2.32) 

cyclic IJK 

^ r (/)^ r (i)] = "///^W (2.33) 



3 The Killing metric g^j = ^j^K-T^) 1 ^/)) i s diagonal. The diagonal elements are either 1 or —1 and 
r\j\ = gjjT( J ^ is inverse of ffj^ = 9Kiffj L is totally anti-symmetric. 



3 Super AdS 5 xS 5 



The bosonic part of the osp(l|32) algebra is sp(32) and contains a set of bosonic 
generators forming a subalgebra, so(4, 2) x so(6) C sp(32). The 50(4,2) is generated by 

Z ab , Z^ a , (a, b = 0,1, 2, 3, 4), (3.1) 

where Zq j(J is j = element of Zj a . The algebra is 

[^6,oJ Zd,b] = ^ab, [Zo ta ,Z cd ] = T] a [ c ZQ^, 

[ZabiZ c d] = rj ad Z bc — rj hd Z ac — r] ac Z bd + r] bc Z ad . (3.2) 
The SO (6) is generated by 

Z a , v , Z 6a „ (a',6^1',2',3',4',5'), (3.3) 

as 

[Z{j, a '-> Zo,b>] = —Z a > b /, [Z^ a ,,Z c 'd'] = Tja'pZfi^, 

[Za'b', Z c ' d >] = 7] a > d iZ b i c i — r] b / d iZ a / c i — r) a > c 'Z b / d i + r) b / c 'Z a i d /. (3.4) 

Note the sign difference of (3.2) and (3.4) so that their algebras are so(4,2) and so(6) 
respectively. They are identified with the AdS 5 xS 5 generators and the algebra as 

Zd,a = Pa-, Z ab = M ab , Zq a , = P a >, Z a iy = M a iy , (3.5) 

[P a ,P b ] = M ab , [P a .,P v ] = -M a , v , 

[P a , M bc ] = T] ab P c - T] ac P b , [P a ,, M Vd \ = r} a ,yP c , - TlaijPv, 

[M ab , M cd ] = r] bc M ad + 3 terms , [M a i V , M ddf \ = r} b 'dM a , d , + 3 terms, (3.6) 

where P a and P a > are AdS 5 and S 5 momenta respectively. The AdS 5 x S 5 is a subalgebra 
of the sp(32) thus of osp(l|32) . 

The supersymmetric AdS 5 xS 5 algebra is the su(2,2|4) and has been extensively dis- 
cussed in the superstring context. It has the same supercharge contents as those of 
osp(l|32) . As the osp(l|32) is maximally generalized superalgebra the anti-commutator of 
two supercharges contains all bosonic charges as (2.27) while that of super- AdSs xS 5 contains 
only bosonic AdS5xS 5 charges. In this sense super-AdSs xS 5 cannot be a subalgebra of 
osp(l|32) . In this section we examine if the super-AdS 5 x S 5 algebra is obtained by a 
"restriction" of the osp(l|32) algebra or not. 4 In other words if the osp(l|32) is any 
generalized superalgebra associated with the super-AdS 5 x S 5 . 

The QZ commutators of the osp(l|32) algebra are given in (2.28) and those for 
AdS 5 x S 5 generators are read as 

[Qaa'A,Zo tC \ = -j[Qla{—ipo))aa' A , [Qaa'A, Z^ a \ = -(Qja' Po)aa'A, 

[Qaa'A,Z ab ] = -(Q7&a) aa' A , [Qaa'A, Z a 'b'] = -{Qlb'a') aa> A- (3.7) 

4 The "restriction" means 1) dropping the commutation relations for the extra generators -^(/"), 
[*, Z{7")] = and 2) dropping the extra generators appearing in the r.h.s. of the (anti-)commutators. 
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They show the covariance of Q under the bosonic AdS 5 x S 5 transformations, 

i 1 

[QA,Pa] = ^QBlaeBA , [QA,Pa>} = -^QBla'tBA, 

[Q A ,M ab ] = -^Q A 'y ab , [Q A , M a > v \ = —QAla'v, (3-8) 

where e = IT2. The explicit form of the osp(l|32) QQ algebra is 

1 / / 

{Qaa'A, Q/3(3'b} = d -C Ab[(C '7° ) a/s(C ') a > /3> % ab + (C) a p(C 'f ) a 'p'Z a i V + 

+ i.C^ ab ) al3 (C'^ c ) a >/3> Z abc < + i (C^ a ) al3 (C'~f bc ) a >p Z aVd \ 
+ a {c(jP)ab[ {C) a p(C') a >p Zj 

+ i (C7 a )a/3(C")a'/3' Z ja + {C) a p(C'~f a ) a >/3> Z ja > 

+ i {C^ a ) a p(C'^j b ) a ip Z jab > + -(C7 a6 ) a/3 (C"7 Cd )a'P' Zjabc'd'} 

= a 8AB[-i(CrU(C%'p> P a - {C) a p{C ^ ) a , p, P a> ] 

+ \ eABKC^UiCX^, M ab + (C) a(3 (CY b ')*>(3> M a , b ,\ 

+ .... (3.9) 

where .... terms are the osp(l|32) generators that are not included in the AdS 5 xS 5 . It is 
compared with that of the super-AdS 5 x S 5 algebra 

{Qaa'A, Q/3/3'b} = ^ AB —iC' a ip\C^ a ) a pP a + C a p{C'^ a ) a if i iP a i 

+ e AB [C a , p ,{Cr%(3M ab - C a p{CY b ')c i >p>M a/b ,] . (3.10) 

The AdSsxS 5 generators in the osp(l|32) algebra (3.9) and the super- AdSs xS 5 algebra 
in (3.10) have different signs. If we adjust the value a = 2 so that the coefficients of P 
and M in (3.9) and (3.10) coincide, those of P' and M' have opposite signs , and vise 
versa for a = —2. 

The sign difference is required by the closure of the algebra. The (QQQ) Jacobi 
identity of (3.9) holds due to the presence of all osp(l|32) generators in the r.h.s. of the 
(3.9) using with (2.31) obtained from the completeness relation (2.24) 

E T,(CT^U(CT {f) ) CD = 0. (3.11) 

cyclic BCD a u j 

If we would drop .... terms in the (3.9) the Jacobi identity no more holds 

E E (cr (/) W (crricD ± 0. (3.12) 

cyclic BCV I^AdSsxS 5 

In (3.9) the relative signs of P' and M' terms and P and M terms are different from those 
of (3.10). It turns the Jacobi identity for (3.10) holds using an identity independent of 
(3.11); 



E ((kcr ab )Mcr ab )cv + {cr^) AB {cr~j cl >) 



cyclic BCD 



(\(CT a ' b ')Mcr a , b ,)cD + (cr 6a ')Mcro a ,)cD) ) = o. (3.13) 



It is proved by using the Fierz identities, which are valid both for 7 a and 7 a /, 
^(C-f ab ) a p(C'y ah ) 1 8 = 2 (C)( ay (C)/3)s, 

(C^ a ) a fs(C^ a )jS = 2 (C\ al (C)ft5 - C a/ 3 C 7 5. (3.14) 

In summary we have shown that the supersymmetric AdS5xS 5 algebra is not a re- 
striction of the osp(l|32) and maximal generalization of the super-AdSs x S 5 algebra, if 
any, is not the osp(l|32) superalgebra. In appendix B we obtain the same result for the 
superconformal algebra in 4 dimensions as it is also isomorphic to the su(2,2|4). 



4 Extensions of the super- AdSsX S 5 algebra 



In the last section we have shown the super-AdS 5 x S 5 algebra is not a restriction of 
the osp(l|32) . In this section we will find possible generalization of the super-AdSsxS 5 . 
"Generalization" here means that the AdSsxS 5 algebra is obtained by a restriction of the 
generators to those of AdS 5 xS 5 in the generalized algebras. In the generalized algebras 
we keep the covariance under AdS 5 xS 5 . When we consider some (brane) solutions in 
the super-AdS 5 xS 5 background they break also manifest AdS 5 and/or S 5 covariance. 
However it is a spontaneous symmetry breaking in the presence of a particular solution. 
The AdSsxS 5 covariance of the theory would be still maintained. Thus we impose the 
assumption that the bosonic AdS 5 x S 5 algebra is a subalgebra of the bosonic part of the 
superalgebra with brane charges. 

Now we try to add bosonic generators on the super-AdSsxS 5 algebra so that the 
commutators satisfy the Jacobi identities . We classify possible forms of the bosonic 
generators in the basis of (2.18) as 



/ / 
/' 
T" 

Ho) 

T" 
V T" 

U (2) 



Z (6,a) ' Z(ab) 
Z (6,a')' Z (a'b') 

T (6) 



Z(abc>) , Z( ab > c i) , Z(5 )0& /) , Z^ abc , d ,j 

Z U)> Z U,a), Z (j,a>), Z (j,ab')i Z (j,abc>d>), (j = 1,2)/ 



(4.1) 



[I = (6, a), (ab)) are AdS 5 generators and Zn'), (I' = (6, a'), (a'b')) are S 5 genera- 



tors, (0 means j — 0). They have subalgebra structures 

(/ + /') C (/ + /' + /£) C + + + C + + + + 
(AdS 5 + S 5 ) (AdS 5 + S 5 + u(l)) M(16)) M32)). 



(4.2) 



(/ + /' + 1% + can also be split into (/ + /' + I'D + (1%), which is si(16) + u(l) 
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The bosonic part of algebra is 



[ Z {i)i Z (j)\ - s i s jfij K Z {k) = 9ij K Z (K), (4-3) 

where fjj K is the structure constants of sp(32) (2.30). Values of s/s are listed below 
and are either "0" or "1" depending on which bosonic subalgebra is taken into account 

(AdS 5 + S 5 ) (AdS 5 + S 5 + £7(1)) (<?/(16)) (sp(32)) 
si — 1 sj = 1 si — 1 si — 1 

S// = 1 S P = 1 S// = 1 S/' = 1 , 4 ^ 

Sjn = Sr» = 1 Sr" = 1 Sr» = 1 

S/» = S/» = s/» = 1 S/» = 1 

s/» = s/» = s/» = s/» = 1. 

(ZZZ) Jacobi identity is verified since the structure constant <7fj K satisfies the Jacobi 
relation for each subalgebra of (4.4) 

SihkL™ = 0. (4.5) 

cyclic IJK 

QZ commutators are 

[Q A ,Z {i) ] = ^(QT (i) ) A , (4.6) 
and (QZZ) Jacobi identity requires 



[QAA Z (iy Z (j)\\ + [ Z (j)AQa, Z (i)\\ + [ Z (f)A Z {jyQA\ 

i 



= ^k-^jfiJ (QT(K)U = 0. (4.7) 

The subgroup structure guarantees that it vanishes for each subalgebra of (4.4). For 
example for gl(lQ), sk% = but //j^ 2 = for /, J ^ l'{ for which Sf — sj — 1. Then the 
Jacobi identity is satisfied. 

From the AdS 5 xS 5 covariance the extension of the QQ anti-commutator of the super- 
AdS 5 xS 5 will be 

{Qa,Qb} = a ((Cr( 7 V%) - (CT^) AB Z (n + ai^CT^)^ Z {n ) 

= a £ a t (Cr&) M Z {iy (4.8) 
/=/,/',/" 

where the coefficients of AdS 5 and S 5 

a/ = 1, ap = -1 (4.9) 
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are fixed from the super-AdS 5 xS 5 algebra (3.10). As will be clear from (4.11) a/» (a/») 
takes the same value for all generators of Z^ 

The (QQZ) Jacobi identity requires 

{QA,[QB,Z {i) }} + [Z {i) ,{Q A ,Q B }} - {QbAZ^QaW 

= a {^{C[T^\T {i) ]) AB Z {j) + aj(CT^) AB g u k Z {k) ) 

= as f (-a k + ajsj) fa* (CT&) M Z (k) = 0, (4.10) 
where we have used (2.17). The condition it vanishes is 

+ *J»j) /// = (4-11) 

and satisfied for two cases, 

Case 1, If Z^ (with non zero s j) is mixed with Z^ by any of Z^ (with non zero 

Sf), i.e. fjj K 7^ in the subalgebra under consideration then a k is 
necessarily equal to aj. 
Case 2, If Z^ (with zero Sj) is mixed with Z^ by any of Z^ (with non zero Sj), 

i.e. ffj K 7^ in the subalgebra under consideration then a k is necessarily 
equal to 0. 

In the following we will explain the values of a/s listed below 



(AdS 5 + S 5 ) 


(AdS 5 + S 5 + u(l)) 


M(16)) 


M32)) 


si = l 


S/ = l 


s/ = l 


s/ = l 


Sjr = 1 


S/' = 1 


S// = 1 


S// = 1 


St" = 


St" = 1 


Sr» = 1 


Sr» = 1 


s/» = 


s/» = 


S V > = 1 


S/» = 1 


sjn = 

J 2 


Sr» = 

J 2 


S;» = 


S/» = 1 


aj = 1 


a/ = 1 


a/ = 1 


a/ = 1 


a// = —1 


a/' = —1 


a/' = — 1 


a// = —1 


a/» = any 


a/» = any 


a/» = any 


a/» = any 


ar_i = 


a/» = 


a/» = x 


aj'_i = x 


aj/i = 


a/» = 


a/» = x 


a/» = x 



(4.12) 



In the first AdSsxS 5 algebra 1 — 1,1' and J = J, J' are case 1 (sj = 1). Since AdS% 
generators commute with the S 5 ones, a/ 7^ a// is not a contradiction. 1 = J, I' and 
J = Jq , J", J '<{ are case 2 (sj = 0). Since commutes with AdSsxS 5 there appears no 
condition on a/». a/» = comes, for example, from the following commutators, 

[ Z bai Z bcd>] = Va[bZo jC]d ,. (4.13) 

Since Z 6a e I, (sf = 1) Z bcd ,,Z^ cd , e I", (sj = 0) and j i3 K ^ then a k = a r > = 0. 
Similarly a/» = comes from the following commutators, 

[Z 6a ,Z hb ] = Vab Z 2 . (4.14) 
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Since Z 6a G I, (sj = 1) Z ib , Z~ 2 G I'P (sj = 0) and f u K p then a k = a r , = 0. 

In the second AdS 5 xS 5 +u(l) algebra I — I, I', Iq and J — J, J', Jq are case 1 (sj = 1). 
Since AdS 5 and S 5 is commuting it is not necessary to be aj = aj>. Since AdS 5 xS 5 and 
u(l) is commuting there appears no condition on a/". / = I,I',Iq and J = J",^ are 
case 2 (sj = 0). a/» = aq = comes from the same reasons as above. 

For the gl(16) algebra there is no consistent solution. In order to see it, it is sufficient 
to observe 

[Z ahc ,,Z 6 J = ri [bd Z^ a]c ,, (4.15) 

for which I = (abet) G I'{, (s/ = 1), J = (6d) e I, (s j = 1), K = (pad) G If, (s k = 1) 
then 

apt = ai = 1. (4.16) 

On the other hand 

[Zab'c',ZQ 4 ,] = T][dd'Zo jabl] , (4.17) 

for which I = (ab'd) e If, (sf = 1), J = (0d') G /', (s j = 1), K = (pad) G I'{, {s k = 1) 
then 

ajn = a v = - 1. (4.18) 
(4.16) contradicts with (4.18) due to the opposite signs of a/ = 1 and a// = —1 (4.9). 

The same argument can be applied to conclude that there is no consistent solution 
in sp(32) case. It is consistent with the result in the previous section that the super- 
AdS 5 xS 5 algebra is not a restriction of the osp(l|32) . That is the generalization of 
AdSsxS 5 is failed when the QQ anti-commutator includes generators non-commuting 
both with AdS$ and S* 5 generators. Values of aj can differ only in different compact 
subalgebras. In the </Z(16) and sp(32), aj and aji are necessarily to have the same value 
in order to be consistent superalgebras and cannot be accommodated with (4.9). 

There remains to check the (QQQ) Jacobi identity. It requires 

[Qa,{Qb,Qc}\ + [Qb,{Qc,Qa}] + [Qc,{Qa,Qb}} 
= \ E (QC-T(CT {J) ) M ajsj (CT^)bc = (4.19) 

cyclic ABC 

then 

E ajSj(CT {J) ) VA (CT^) BC = 0. (4.20) 

ABC , cyclic 

For AdS 5 xS 5 case (st„ = 0), it is 

E ( (CT w hA (CT^ec ~ (CV {r) ) VA (CT^) BC ) = (4.21) 

ABC , cyclic 
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and is satisfied by the AdS 5 xS 5 Fierz identity (3.13). 

For AdS 5 xS 5 +u(l) case (st„ = 1), there appears an additional term 



E ( (cr {I) ) VA (cr^) BC - (cr in ) VA (cr^) BC + a 6 (cr {6) ) VA (cr^) BC ) 

ABC, cyclic 

(4.22) 

and vanishes only for ag = case. 

In summary under the present assumption that the AdSsxS 5 is a bosonic subalgebra 
of bosonic part of the generalized algebra only two types of u(l) extension are allowed. 
One is a central extension 

[Q,z 6 ] = o, 

{Qa,Qb} = a ((CT^) AB Z (I) - (CT^ )ab Z(p) + a5(Cr (6) )^6 ) (4.23) 
and the other is 

[Q,Z a ] = \QT 6 , 

{Qa,Qb} = a ((CT^) AB Z (I) - (CT^ )aB Z(I') ) , (4-24) 
in which Zq is not an ideal of the algebra. 

5 Summary and Discussions 

We have shown that the su(2,2|4), the super-AdS 5 x S 5 algebra or the four-dimensional 
A/"=4 superconformal algebra, is not a restriction of the osp(l|32). The situation is the 
same for the super-pp-wave algebra as it is obtained by the Penrose limit of the super- 
AdS 5 x S 5 algebra[14, 15]. In addition, we have shown that under the assumption that 
bosonic AdS 5 x S 5 algebra is a subalgebra of the bosonic part of the superalgebra with 
brane charges, only two trivial types of u(l) extension of the super-AdS 5 x S 5 algebra are 
allowed. 

Our results suggest that the generalized superalgebra associated with branes in the 
AdSs x S 5 background, if any, cannot be any generalization of the super-AdSs x S 5 algebra 
which contains the super-AdSs x S 5 algebra as a restriction. This is completely different 
from the flat case, where extended superalgebra with brane charges contains the super- 
Poincare algebra as a restriction. The property that brane charge affects the algebra 
associated with the background may be related to a back reaction of the brane on the 
background. If this is the case, the brane probe analysis on the extended superalgebra 
must be modified appropriately. 

There are possible ways to obtain generalized superalgebras with brane charges cor- 
responding to branes in the AdS 5 x S 5 background. First, one examines all possible 
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commutation relations among two of Noether charges. Secondly, one examines small fluc- 
tuations around a brane solution in the AdSs x S 5 background of supergravity. Such a 
solution is not known well yet. Recently, D-brane supergravity solutions in the pp-wave 
background were constructed [16]. One may construct a generalized superalgebra with 
the brane charge recovering (super) symmetries broken by the brane. Thirdly, it is known 
that an intersection solution of a stack of D3-branes and a Dp-brane in flat background 
is transformed to a Dp-brane solution in the AdSs x S 5 background under a near-horizon 
limit. One expects that the extended super- Poincare algebra with D3- and Dp-brane 
charges is transformed to a generalized superalgebra with a Dp-brane charge associated 
with a Dp-brane solution in the AdS 5 x S* 5 background. In order to show this, at first, 
we must derive the AdS 5 x S 5 algebra from the super Poincare algebra with D3-brane 
charges. We leave these issues for future investigations. 
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A Uniqueness of the osp(l|32) algebra 

We show that any maximally generalized supersymmetric algebra is expressed in the 
form of (2.1)-(2.3) by redefinitions explicitly. In a maximally generalized algebra Af( -^ +1 - > 
independent bosonic charges appear in the ant i- commutator of the iV-supercharges Qa, 
(in the present case N = 32). Then the bosonic charges Zab are defined by the first 
equation (2.1) 

Zab = {Qa,Qb} = Z BA . (A.l) 
In the closed algebra [Qa, Z bc ] is odd and generally written as 

[Qa,z bc ] = [Qa,{Qb,Qc}} = Qett% BC , n% BC = n% CB . (A.2) 

The (QQQ) Jacobi identity 

E [{Qa,Qb},Qc\ = 0, (A3) 

cyclic ABC 



requires 



E ^a,bc = 0. (A.4) 

cyclic ABC 



The (QQZ) Jacobi identity requires 

[Zab,Z C t>] = Z( A£ il £ B ^ cv = - Z^c£^V),AB- (A.5) 
The last equality comes from anti-symmetry under (AB <-> CV). It follows 

W),cv + S( c n% :AB + {F <-> Q) = 0. (A.6) 
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By contraction with 5^ 

(N + i) n% cv + 5 s B n$ cv + sf c n^ rB = o. (A.7) 

By further contraction with 5g we find 

Qp gfiv = (A.8) 

and then 

tfs,CV = tfc^BV), ^BV=-J^—^v,TB- ( A - 9 ) 

The cyclic condition (A. 4) means anti-symmetry of an d (A. 2) return to the form of 
(2.2) 

[Qa,Z B c] = Q(B^AC)- (A.10) 
The bosonic algebra (A. 5) becomes symplectic form, sp(N), 

[ZabiZcv] = Z(A£^b),cv — ^AicS^BV) + Zb(c^av) (ATI) 

which coincide with (2.3). All the Jacobi identities hold identically. 

In getting (A. 6) we have assumed that all bosonic generators Zj^ B appear in the right 
hand of the QQ anti-commutator (AT). For a non-maximally generalized superalgebra 
Z^ B s are not independent and (A. 6) no more holds. The Jacobi identity is not trivially 
satisfied but is examined case by case. 



B osp(l|32) and four-dimensional A^=4 superconfor- 
mal algebra 

In this appendix we show that the superconformal algebra s«(2,2|4) is also not a re- 
striction of the osp(l|32) and there is no maximally generalized superalgebra. It is based 
on one to one correspondence between generators of the super-AdS 5 x S 5 and superconfor- 
mal algebras. 

We explicitly write down relations among generators of the osp(l|32) , the super- 
AdS 5 x S 5 and the superconformal algebras based on the isomorphism 

AdS 5 ~ 50(4,2) ~ AD conformal, S 5 ~ SO(Q) ~ SU(4) (BT) 

and their supercharges. 

AdS 5 generators can be identified to the SO (4,2) generators by 

P a = Z 6a = M ah Z ab = M ab . (B.2) 
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The so(4,2) algebra is 



[M AB , M CD ] = r] BC M AD + 3 terms, 



(B.3) 



where A, B = 01234(1, and rj AB = (—', + + ++; — )• The sign of the metric in jj direction 
comes from 



\M ah M H ] = M ab = - m M ab . 
The conformal generators in 4 dimensions can be composed as 



(B.4) 



Pn = 



M M 4 + M Mt j — Z^ + Z^, M^ u = Z^, 



D = M 4 jj = Z 54 , 



They satisfy 



At = 0123, r]^ = (-; + + +). 

Pp,P v ] = [K^K V \ = 0, [P^K U ] = -2M F + 

[K^D] = -K„, 



(B.5) 



Hi 



S b generators M a iy and P a > become the SO (6) generators by 

Pa' = Z' Qal = M a /\,, Z a iy = M a / b f, 

[M A , B i, M C 'D'} = Vb'c'M A i D , + 3 terms, 



(B.6) 



(B.7) 
(B.8) 



where A', B' = 1'2'3'4'5'b, and r) A ' B > = (+ + + ++;+). SU(4) generators are constructed 
from Ma'b' as 



u y S ' = z M a , b , (^'r's' + \ Ma', d a 'r' s , 



(B.9) 



It is traceless and hermitic and contains 15 independent components. Using the Fierz 
identities (3.14) it is inverted as 



1 i 

M a , h , = -tr (Ujv a ,), M a , b = - - tr {U la ,). 

The su(4) algebra follows from that of so(6) (B.8) as 



(B.10) 



(B.ll) 



In the conformal group the generators are graded by their conformal dimensions. (B.6) 
shows P^ has the conformal dimension +1, has —1 and and D itself have 0. The 
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SU(4) generators U a ' p> also have the conformal dimension 0. The 32 supercharges Q aa >A 
are recombined to be 16 Q with the conformal dimension | and S with — |. They are 

Q/3i = (Qaa'l + iQaa'2){h-) a p5 a j 

Q/3* = (Qaa'l — iQaa'2)(h + ) a pC' 1 

S/3i = (Qaa'l + ^Qaa'2)(^+) a /3 ^ Q i 

= {Qaa'l — iQaa'2){h-) a pC' 1 . (B-12) 

Here h± are chiral projection operators in 4 dimensions (7 4 is one usually denoted as 7 s ) 

1 ±7 4 t 

/i± = hi = h±. (B.13) 



They are related by the hermitian conjugation defined by (2.15) as 

- (Q f )^ = Q 7 4 (-T ^ 1 ) 7 ^ 

- (St)^ = S 7 * (— 7°C~ 1 ) 7/3 

S/ - (S+ft = S 7 , ( 7 °C7- 1 )^. (B.14) 



The QZ commutators of the osp(l|32) are expressed as follows. The commutators 
with conformal generators are 





2 Ivii 


[Qi,£>] 


= 1 Q, 







[Q\D] 


= Si 7^ 




= |Q*7^ 


= §Q* 









= -S*7m 




2 T^M 


[Si,D] 


2 ° l 













= 2 




= -|S* 




= - cr 7^ 




0, 



(B.15) 



and the commutators with SU(4) generators are obtained from (B.9) 

.Qaii k Qafc^i — 4 Qai <^fcj 

Qa,uh = -qa + iq;^, 

Srrj ] n ej 1 o jrj yi-).±\JJ 

L ai) ^ fcj ^afc" i 4 ^ai " fej 

S a J , ^fc = —S a 3 S t k + \ So 1 S j k- 

There are also commutators of Q with bosonic generators which are not in AdS 5 xS 5 . 
The osp(l|32) QQ anti-commutators in terms of Q and S are 

{QaiMfSj} = 2a[{Ch_) aP C[ ] {Z + -iZ +A ) + {ChJ) aP (C'r')iAZ +a/ -iZ +4a ,) 
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+ ^(C 1 ^h^^(C' 1 a ' b ') tJ Z + ^ b/ ], (B.17) 



{S Qi ,S ft } = 2a[(Ch + ) a(S C%(Z + + tZ +4 ) + (Ch^^iC'Y'hAZ+a' + iZ^) 

+ ^(C^h+UiC'^'hZ+^v], (B.18) 

{Q«i,S#} = 2a[ iiC^h+UC^Z+r + z(C 7 ^ + ) Q/3 (Cy%-Z + ^ 

+ ^(C 7 ^ + )^(Cy' 6 %-^ 4a , 6 , ], (B.19) 

{Qa\<V} = ~2a\{Ch + UC'~ ll \z.+tZ^) + (C/i + ) a/ ,(7 o 'C"- 1 ) <J '(Z_ a , + iZ_4a0 

+ ^(C^h+Ui^'C'-yZ^v ], (B.20) 

{S^S/} = -2a[ (C/i_) a ^C'- 1<J '(Z_ - iZ_ 4 ) + (C/i_) Q/3 (7 a 'C"' 1 )^(Z_ a ,-zZ_ 4 aO 

+ i(C7^/i-)^(7 a ' 6 'C"- 1 ) i ^_ Wb , ], (B.21) 



{Q Q \S^'} = -2a[ i^T^-)^' + iiCYh-Uir'C'-'rZ^, 

- l -{crh-u{r' b 'c'- l rz^ Aa , bl \, (B.22) 

(B.23) 



{Qj,S Pj } = 2ai[(Ch + ) aP S i j D - ^{C^h+U? 3 M, U - 2(Ch+) aP V i i 

- i (Ch+ufj z h + (ch+u (r'Y 3 z 64a , - {{c^KU^'y^,, 

- \ (Cr u h + U(r') 1 , Z, ua> - % - (Ch+Utf")'; Z 4a , b , ], (B.24) 
{SaM/sA = 2ai[ -{ChJ) a ^jD - Uc^h-^jM^ - 2(Ch_) a(3 



2 

i 
4 

1 



2 (cy^-M7 a + 2 ( Ch -Uh ab y 3 z 4a , b , ], (B.25) 

{S^S^.} = 2ai[ -(C 7 ^ + )a^ ^ 

- KC-fh+U Q^V^W + V) + * (7 a ')V% a ' - V )) 1 (B.26) 

Here the bosonic generators other than the superconformal ones are Z's and Z±* = 
Z^^iZ^. These commutators are consistent under the conjugations (B.14). For example 
the conjugation of the (B.24) gives (B.25). 

We have written the osp(l|32) algebra in terms of superconformal generators and 
other bosonic generators Z's. The commutators (B.6), (B.ll), (B.15)- (B.16) have the 
same forms as those of the superconformal algebra. For the anti-commutators of the 
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supercharges (B.17)-(B.26), if we would drop the bosonic generators Z's other than 
P,j,, K^, M^ u , D and U l j, they appear those of the superconformal algebra except that the 
signs in front of the U l j terms are reversed. The reason is the same as the AdSsxS 5 case. 
The restriction of the extra generators Z's from the osp(l|32) is not sufficient to guarantee 
the Jacobi identities. In order to do it, it is necessary to reverse the signs of the U l j terms 
in the anti-commutators of the supercharges since SU(4) generator U l j is related to the 
S b generators by (B.9) and (3.13) is applied. 

The generalization of the superconformal algebra is discussed as was done in the case 
of the super-AdSs x S 5 in section 4. It is not generalized up to maximal but only two types 
of u(l) extension are allowed. The U(l) generator Zq can be combined with the SU(4) 
generator U l j to form a U(4) generator. 
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